Combining electronic Raman scattering experiments with cellular dynamical mean field theory, we present evidence of the pseudogap in the superconducting state of various hole-doped cuprates. In Bi2Sr2CaCu2O 8+δ we track the superconducting pseudogap hallmark, a peak-dip feature, as a function of temperature T and doping p, well beyond the optimal one. We show that, at all temperatures under the superconducting dome, the pseudogap disappears at the doping pc, between 0.222 and 0.226, where also the normal-state pseudogap collapses at a Lifshitz transition. This demonstrates that the superconducting pseudogap boundary forms a vertical line in the T − p phase diagram.
Combining electronic Raman scattering experiments with cellular dynamical mean field theory, we present evidence of the pseudogap in the superconducting state of various hole-doped cuprates. In Bi2Sr2CaCu2O 8+δ we track the superconducting pseudogap hallmark, a peak-dip feature, as a function of temperature T and doping p, well beyond the optimal one. We show that, at all temperatures under the superconducting dome, the pseudogap disappears at the doping pc, between 0.222 and 0.226, where also the normal-state pseudogap collapses at a Lifshitz transition. This demonstrates that the superconducting pseudogap boundary forms a vertical line in the T − p phase diagram. Discovered thirty years ago [1] , the copper oxide (cuprate) superconductors have not ceased to arise interest because their critical temperature T c is incredibly high at ambient pressure in comparison with conventional superconductors. Central to the high-T c cuprate problem is the challenge to understand the pseudogap (PG) state. In the normal phase, where the PG has been studied extensively, it manifests below a characteristic temperature T * > T c as a loss of low energy spectral weight in spectroscopic responses [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , and indirectly in thermodynamical and transport properties [16] [17] [18] [19] . Its properties cannot be accounted for by the standard Fermi liquid theory of metals [20, 21] .
An even greater challenge is to establish whether the PG exists in the superconducting phase, and if yes, what its doping dependence is. This is crucial to understand the relation between superconductivity and the pseudogap [22] [23] [24] [25] [26] , which remains far from being wellunderstood [27, 28] . However, there are only very few probes that can disentangle a pseudogap from a superconducting gap. Note, even when the doping end-point of the normal state PG is known, it is unclear how that extrapolates in the superconducting phase, since it involves crossing a phase boundary. In the absence of an explicit method to identify the PG in the superconducting phase, this can be settled only through normal state extrapolations that require involved data analysis of heat capacity [16] and angle-resolved photo-emission spectra (ARPES) [14] , or of magneto-resistivity and nuclear magnetic resonance measurements [18, [29] [30] [31] [32] under application of very high magnetic fields.
In this article, we present evidence that the PG develops in the SC state of different under-doped compounds, showing that it is a universal property of cuprates. In the case of Bi 2 Sr 2 CaCu 2 O 8+δ (Bi-2212), we are able to follow the PG evolution with doping under the superconducting dome. We show that the pseudogap end is a vertical line in the T −p phase diagram within a narrow range of doping 0.222 < p c < 0.226 [33] , the doping level where a Lifshitz transition from a hole-like to an electron-like Fermi surface takes place in the underlying electronic structure [13, 34] . Our experimental findings are analyzed within the cellular dynamical mean-field theory (CDMFT) applied to the two-dimensional Hubbard model.
Before presenting our results, we shall explain how we identify the PG in the superconducting state. In this case, the PG manifests itself as a dip in the electronic background of the anti-nodal Raman response at frequencies higher than the pair breaking peak (PP). This PPdip structure results from the interplay between the PG and the SC gap, and can be smoothly connected to the PG appearing in the electronic spectrum above T c [35] .
In order to illustrate this point, we discuss the cartographies of the difference between the anti-nodal (B 1g ) Raman response χ(ω, T ) − χ(ω, T = 250 K) of an overdoped and under-doped Bi-2212 single crystals over a wide range of temperature and energy (Fig. 1) . Details of the Raman experiments, the crystal characterization and the doping setting are given in Supplementary Material (SM).
We focus first on the overdoped compound ( Fig.1 (a) ) for which there is no PG. At low temperature below T c , two distinct zones can be clearly seen: a blue (dark gray) zone at low energy representative of a loss of spectral weight and a red (gray) one around 2∆ associated with the spectral weight transfer into the PP as expected when and 558 cm −1 for OD58 and UD80, respectively. The blue (dark gray) and the red (bright gray) colors correspond respectively to a loss and gain of Raman spectral weight.
a SC gap is opening [36, 37] . The redistribution is partial because there is no sum rule in Raman scattering in contrast to that in optics [37] . Above T c , this spectral weight redistribution disappears and there is no sign of the PG phase at this doping level.
On the other hand, the cartography of the under-doped compound ( Fig.1 (b) ) is sharply different. Below T c the PP is surrounded by two regions of spectral weight depressions (blue/dark gray), and spectral weight is transferred to the PP also from energies higher than 2∆ [35] leaving a spectral depression (blue/dark gray): This is the dip associated to PG in SC phase. Above T c , the dip (centered around ω/2∆ 1.7) disappears while the loss of spectral weight below ω/2∆
1.5 persists and it merges with the normal-state PG [6, 11, [38] [39] [40] . The PP-dip feature is therefore the hallmark of the PG in the SC phase, which has been also confirmed theoretically by a CDMFT analysis on the Hubbard model [35] . We note that in the normal phase the PG spectral depression completely vanishes nearby 210 K (which corresponds to T * ). A thorough analysis [41] not shown here, reveals this depletion is connected to a hump increasing in high energy electronic background (green/yellow zone around 3 of 2∆), suggesting a transfer of spectral weight over a large frequency range as expected from CDMFT studies [12, 42] and also detected by other studies [8, 43] .
Our first key result is that the PP-dip feature is present in several families of hole-doped cuprates, as shown in Fig. 2 . Here the anti-nodal (B 1g ) Raman
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The Raman spectra in panels (b), (c) and (d) were obtained with the 532 nm laser line whereas the Hg-1201 one with the 647.1 nm line to reduce the Raman phonon activity. The PP-dip structure is also detected with the 532 nm laser line in Hg-1201 showing the PP-dip structure is not a Raman resonant effect. Sharp peaks correspond to phonon modes. In the insets, a closer view of the PP-dip structure is plotted by subtracting the normal Raman spectrum from the superconducting one. (Hg-1223 ). The electronic background, which is superposed on various phononic peak contributions, strongly depends on the material. In order to disentangle the material-dependent features and put into evidence the universal character of PP-dip structure we have subtracted the normal-state Raman spectra (just above T c ) from the superconducting ones as displayed in the insets of Fig.2 
(a)-(d).
The PP-dip feature is clearly observable at and above 2∆ in all the compounds considered. The PP-dip disappears just above T c (see black curves) as reported in our previous work [35] . The key observation here is that the presence of the PP-dip is independent of the number of copper-oxide layers: one layer (Hg-1201), two layers (Y-123 and Bi-2212) and three layers (Hg-1223), hence cannot be ascribed to a coupling between copper-oxygen planes [44] .
We can use then the PP-dip as a hallmark to track the PG inside the SC dome with doping and find the doping level for which the pseudogap disappears. In Fig. 3 we display the difference between the SC B 1g Raman responses of Bi-2212 at 12 K and the one just above T c for several doping levels. The following are our main results concerning the T −doping evolution of the PP-dip feature. (i) The PP-dip survives in the over-doped region. (ii) The dip, which is the PG feature in the superconducting phase, reduces with increasing doping. The continuation of the PG in the superconducting overdoped regime is in agreement with earlier works [10, 14, 31, 32] .
(iii) Most interestingly, the PP-dip feature disappears in a narrow doping range between p = 0.222 and p = 0.226. We now analyze how the PP-dip feature evolves as a function of doping comparing with the CDMFT results and examine if this gives a consistent picture. We calculate the Raman spectra of the two-dimensional Hubbard model with parameters appropriate for hole-doped cuprates: The (next-)nearest-neighbor transfer integral t ∼ 0.3 eV (t = −0.2t) and the onsite Coulomb repulsion U = 8t. The CDMFT is implemented on a 2×2 cluster and is solved with a finite-temperature extension of the exact diagonalization method [45] [46] [47] [48] . Within the bubble approximation, the B 1g Raman response is calculated through
and f (ω) being the Fermi distribution function. Here, the normal (G) and anomalous (F ) Green's functions calculated with the CDMFT are interpolated in the momentum space [49] . This approximation is quite robust in the anti-nodal region, which includes the cluster momenta K = (0, ±π), (±π, 0), and will not affect our conclusions on the B 1g Raman response. The 2×2 CDMFT well portrays the richness of phases appearing in hole-doped cuprates, E n e r g y ω/ t
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Raman response obtained from Eq.(1) combined with the CDMFT. The PP and the dip-bottom energies are denoted by arrows and go down with doping but their difference in energy remains almost constant with doping, as observed experimentally in Fig.3 .
including the Mott insulator, the anti-ferromagnetism, the d-wave SC and the PG state [42, [50] [51] [52] [53] [54] [55] [56] [57] . In particular within CDMFT the PG originates from a singularity in the self-energy close to the Mott transition. This singularity evolves in the superconducting state, determining a prominent peak structure in the superconducting pairing function [48, 58] and, as outcome, the PP-dip structure in the Raman B 1g spectra [35] . However, the optimal doping for which T c is maximal is p th opt ≈ 0.08 − 0.10, which is smaller than the one (p opt ≈ 0.16) in experiments. A quantitative comparison with experiments is therefore not possible and we restrict ourselves to a qualitative one.
The CDMFT B 1g Raman responses in the SC state for increasing doping levels at a low temperature T = 0.005t are plotted on Fig.4 . Comparing with the experimental Raman spectra of Fig. 3 , we observe that the PP and dip trends are well reproduced by the CDMFT until p th = 0.178, which in the CDMFT phase diagram corresponds to a highly over-doped point. Both the theoretical and experimental dip-depth (pointed out by red arrows) reduce, while the distance in energy between the PP (black arrow) and dip-bottom (red arrows) stays roughly constant as a function of doping. At p th = 0.178, the theoretical dip, if still present, is very weak (see Fig. 4) . A Lifshitz transition is presumably located just above p th = 0.178 because the spectral function at the anti-nodal point is almost symmetric (see SM). Above p th = 0.178 the convergence of the CDMFT noticeably slows down and we could not obtain a well-converged solution. The closeness to the van Hove singularity might be one of the reasons why it becomes technically harder and harder to obtain converged CDMFT solutions. A more detailed comparison between experiment and theory will be published elsewhere.
We finally show that at a doping p c which is between where T 0 is a temperature just above T c , and is 70 K and 60 K, respectively. While the OD62 compound still displays a dip between 600 and 1200 cm −1 for T < T c , shown as a negative contribution in the close-up of Fig.  5(c) , the OD58 compound displays no dip over an equivalent temperature-range, as shown by the positive contribution in the closeup of Fig. 5(d) . This proves that the PG in Bi-2212 ends on a vertical line inside the SC dome of the T − p phase diagram, which can be drawn between p = 0.222 and 0.226 (see Fig. 6 ).
Our result does not show any reentrant behaviour of the pseudogap inside the superconducting dome, in contrast to that conjectured in [10, 14] , but rather a straight line, at least down to 12 K (well below that of Ref. [14] ). Note, our conclusions are based entirely on anti-nodal studies, unlike that of Ref. [10] . Concerning the PG endpoint in the normal state, our earlier results [13] are in good agreement with antinodal ARPES analysis [10, 14] . In this last case ARPES and Raman probe both antinodal quasiparticles.
Our results strongly suggest that the superconducting PG, as in the normal state, is sensitive to the topology of the underlying Fermi surface since close to p c a Lifshitz transition takes place from a hole-like to an electron-like Fermi surface [13] . Furthermore, if the PG disappearance were a phase transition, it would be a first order one. This is expected for a Lifshitz transition of electrons coupled to a lattice [59, 60] . The normal state PG which develops between T * and Tc is obtained from the B1g spectral loss observed in Ref. [13] . The T * values are reported from Ref. [13] . The dip is the PGrelated feature in the SC state. The PG collapses abruptly (vertical line) between p =0.222 and p =0.226 in the SC state.
On the theory side, the relation between the pseudogap and the Lifshitz transition is not a well settled issue. The slowing down of the CDMFT solution approaching the van Hove doping level in concomitant with a strong decreasing of the dip depth is compatible with the experimental scenario, though future CDMFT improvements are needed to settle this issue.
In conclusion, we have shown that the peak-dip structure in the Raman B 1g spectra, which is the hallmark of the PG in the SC phase, is a universal feature of the holedoped cuprates. Following the PP-dip evolution with doping and temperature in the case of Bi-2212, we show that the pseudogap persists on the over-doped side before disappearing abruptly and its end draws a vertical line in the T − p phase diagram just in between p = 0.222 and p = 0.226. This corresponds to the same doping range where the normal-state pseudogap collapses, following up a Lifshitz transition of the Bi-2212 anti-bonding band, where the Fermi surface changes from holelike to electronlike.
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Correspondences and requests for materials should be addressed to A.S. The Bi-2212 single crystals were grown by using a floating zone method. [61, 62] The critical temperature T c for each crystal has been determined from magnetization susceptibility measurements at a 10 Gauss field parallel to the c-axis of the crystal. A complementary estimate of T c was achieved from electronic Raman scattering measurements by defining the temperature from which the B 1g superconducting pair breaking peak disappears. The level of doping p was defined from T c using Presland and Tallon's equation [63] 
In the over-doped regime, we have established a relationship between T c and the 2∆ pair breaking peak. This give us another reliable way for directly estimate T c from 2∆, and then evluate p via the Presland and Tallon's equation, see details of section C in the SM of Ref. [13] .
Details of the Raman experiments
Raman experiments have been carried out using a JY-T64000 spectrometer in single grating configuration using a 600 grooves/mm grating and a Thorlabs NF533-17 notch filter to block the stray light. The spectrometer is equipped with a nitrogen cooled back illuminated 2048x512 CCD detector. Two laser excitation lines were used: 532 nm and 647.1 nm from respectively a diode pump solid state laser and a Ar+/Kr+ mixed laser gas. Measurements between 10 and 290 K have been performed using an ARS closed-cycle He cryostat. This configuration allows us to cover a wide spectral range (90 cm −1 to 2200 cm −1 ) in one shot. The B 1g -symmetry Raman response is obtained from crossed light polarizations along the Cu-O bond directions, giving us access to the anti-nodal region of the momentum space where the d-wave superconducting gap is maximal and the pseudogap sets in. All the spectra have been corrected for the Bose factor and the instrumental spectral response. They are thus proportional to the imaginary part of the Raman response function χ (ω, T ) [11, 40] . In order to have reliable comparisons, all the Bi-2212 crystals have been measured in exactly the same experimental conditions. Special care has been devoted to cover a wide spectral range in one shot and maintain the laser spot at the same location on the crystal surface during the run in temperature. This makes reliable the intensities of the electronic Raman background from low to high energy without any adjusting the spectra from one temperature to another. We have checked that each spectrum is reproducible.
Raman responses of Bi-2212 in the superconducting and normal states
In Figure 7 are reported the Raman responses of Bi-2212 single crystals for several doping levels in the superconducting (T = 12 K) and the normal state just above T c . The doping range extends from the under-doped to the over-doped regime. Raman responses of Bi-2212 crystals normalized to the maximum intensity of the pair-breaking peak. All the spectra have been corrected for the Bose factor and the optical constants as determined by ellipsometry measurements [64] . The 532 nm laser line was used for all the spectra.
CDMFT spectral function
In Figure 8 is plotted the spectral function A(k, ω) at the antinodal point k = (π, 0), calculated with the CDMFT for various doping levels p th . The calculation was done at T = 0.005t in the superconducting state. At small p th , the spectra show a strong electron-hole asymmetry: The Bogoliubov peaks are much stronger for ω < 0 than ω > 0. This asymmetry results from the underlying normal-state bare electronic structure, where the van Hove singularity is located below the Fermi energy. As p th increases, the asymmetry decreases as expected. Because the spectrum at p th = 0.18 is close to a symmetric one, we estimate that the Lifshitz transition point, where the underlying van Hove singularity crosses the Fermi energy, is located just above p th = 0.18. 
